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Foreword

Lorenz Kramer, who was the main driving force behind the PHYSBIO program, died suddenly on 5 April 2005. This was a shock to his numerous friends
who were not aware that this strong, vigorous and buoyant man struggled for
many years with a deeply rooted decease which all of a sudden went out of
control.
Lorenz has always been an innovator working with enthusiasm and persuasion on the leading edge of scientiﬁc exploration. The three main subjects of
his work: superconductivity from 1968 to 1981; pattern formation out of equilibrium starting from 1982 ; biophysics from 1975 to 1980 and again from the
start of this century – were intertwined and supplied each other with ideas and
techniques. One example will sufﬁce here: a direct interpretation of superﬂow
solutions as saddle points in transitions between different patterns – thereby
connecting two opposites: conservative and gradient systems. He was one of
the principal players in the ﬁeld of nonlinear science during its acme in 1990s,
and one who directed this ﬁeld, when it came of age, to new applications,
in particular, in physics of liquid crystals and biophysics. Some of the most
brilliant nonlinear scientists, both theorists and experimentalists, now in their
forties, are his former students and junior colleagues.
Lorenz’s e-mail signature once read: "Basic schedule: 0-24 - but variety is
the spice of life". And he didn’t lack variety: running alone to the highest peak
in the Pyrenees after a busy week of lectures, testing the sturdy design of his
Mac laptop in a backpack while biking to his ofﬁce. It is thanks to him that the
PHYSBIO workshops were invariably carried out at high altitude as well as
on the highest scientiﬁc level. Variety was his birthmark: his father German,
mother Italian, both biologists; his children branched off to industry, music
and architecture; and physics, music, poetry and mountaineering merged in his
personality. There will be no one like him.
Leonid M. Pismen
Technion, Israel
Igor S. Aranson
Argonne National Laboratory, USA
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Preface

Non-linear dynamics and pattern formation in non-equilibrium system have
been attracting a great deal of attention for several decades due to their tremendous importance in many physical, chemical and biological processes. However, only recently was it realized that similar phenomena play a crucial role in
the vast majority of processes that occur on nanoscales. While on the macroand micro-scales one has the advantage of controlling the processes by special
instruments and devices, on nanoscales, such instruments are absent, or their
use is prohibitively expensive. Therefore, spontaneous pattern formation, selforganization and self-assembly promise a unique route to the control of these
processes. The investigation of self-organization on nanoscales requires substantial revision of the available scientiﬁc knowledge in pattern formation and
nonlinear dynamics due to essentially new mechanisms and phenomena, that
can be ignored in macro- and microworld, but play a decisive role in the world
where typical distances are measured in nanometers. The understanding of the
basic physical principles and mechanisms of self-assembly and pattern formation on nanoscales can lead to a real breakthrough in nanotechnology and to
the creation of a new generation of electronic devices, sensors, detectors, as
well as “labs-on-a-chip".
The need for intensive investigation of basic mechanisms of self-assembly
and self-organization on nanoscales, as well as the need to draw the attention
of the broad scientiﬁc research community specializing in nonlinear dynamics and pattern formation in nonequilibrium systems to the fascinating area of
self-assembly and self-organization on nanoscales inspired the organization of
the NATO Advanced Study Institute “Self-Assembly, Pattern Formation and
Growth Phenomena in Nano-Systems" that took place in St. Etienne de Tinee in France, August 28 - September 11, 2004. Fifteen lecturers from France,
Germany, Hungary, Israel and the USA gave series of lectures to an audience of
graduate students and postdocs from Belgium, France, Germany, Israel, Italy,
Romania, Russia, Spain, the USA and Uzbekistan. The lectures were devoted
to various aspects of self-assembly, pattern formation and nonlinear dynamics
in nano-scale physical, chemical and biological systems, or systems in which
nanoscale processes play a crucial role and determine the macroscopic behavior.
The present book consists of ten articles containing lecture notes written by
the lecturers of the NATO ASI. The ﬁrst article discusses general aspects of pattern formation and universal features of self-organization in non-equilibrium
systems. The next two articles are devoted to pattern formation and nonlinear phenomena in liquid crystals – a most remarkable system in which nano-

xv
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scale anisotropic structure determines quite unusual and complex macroscopic
behavior. The fourth article describes the self-assembly of quantum dots –
spatially-regular nano-scale structures – from thin semiconductor ﬁlms. These
structures have been attracting a great deal of attention as a promising route
to creating a new generation of electronic devices. The ﬁfth and sixth articles discuss a remarkable example of the failure of a traditional approach to an
“every day" macroscopic hydrodynamic phenomenon – a moving contact line.
It is shown that it is only by introducing new, mesoscopic physics based on the
liquid structure at nano-scales, that this phenomenon can be explained and understood. The seventh and eighth articles are devoted to self-organization phenomena in systems where chemical processes that occur at nano-scales lead,
due to nonlinear coupling with thermal and diffusion processes, to macroscopic
non-stationary structures which, in turn, as a result of instabilities, produce microscopic texture in initially homogeneous media. Namely, these articles discuss the propagation and instability of combustion fronts in self-propagating
high-temperature synthesis of solid materials, and the propagation and instabilities of polymerization fronts in frontal polymerization processes. The last
two articles deal with micro- and nano-scale self-organization phenomena in
biological systems. The ninth article considers the recently discovered, very interesting phenomenon of self-organization of biological micro-tubules and motors. Finally, it would not be an exaggeration to say that the last, tenth article, is
devoted to the most remarkable and the most important example of nano-scale
self-assembly – the self-organization and behavior of DNA molecules. This
article presents a comprehensive, contemporary review of the physics of DNA.
To summarize, this book attempts to give examples of self-organization phenomena on micro- and nano-scale as well as examples of the interplay between
phenomena on nano- and macro-scales leading to complex behavior in various physical, chemical and biological systems. It is not accidental therefore
that this NATO ASI was organized in conjunction with the European School
PHYSBIO-04. Moreover, it was mainly due to the inspiration of the organizers of PHYSBIO-04 – Prof. Agnes Buka, Prof. Pierre Coullet, Prof. Lorenz
Kramer and Prof. Yves Pomeau – that the organization of the NATO ASI became possible. We are very grateful to them for their enthusiasm and support.
Tragically, one of the organizers of PHYSBIO-04, Professor Lorenz Kramer,
who was one of the world leading experts in pattern formation and nonlinear
phenomena in non-equilibrium systems, suddenly passed away in April 2005,
while this book was in preparation. This was a great loss to all of us as well as
many others. This book is dedicated to his memory.
ALEXANDER A. GOLOVIN
ALEXANDER A. NEPOMNYASHCHY
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Abstract

Pattern formation is a widespread phenomenon observed in different physical,
chemical and biological systems on various spatial scales, including the nanometer scale. In this chapter discussed are the universal features of pattern formation: pattern selection, modulational instabilities, structure and dynamics of
domain walls, fronts and defects, as well as non-potential effects and wavy
patterns. Principal mathematical models used for the description of patterns
(Swift-Hohenberg equation, Newell-Whitehead-Segel equation, Cross-Newell
equation, complex Ginzburg-Landau equation) are introduced and some asymptotic methods of their analysis are presented.

Keywords:

pattern formation, block copolymers, thermal convection, Swift-Hohenberg equation, pattern selection, Newell-Whitehead-Segel equation, modulational instabilities, dislocations, domain walls, Cross-Newell equation, disclinations, complex
Ginzburg-Landau equation, spiral waves

1.

Introduction

The spontaneous development of spatial or spatio-temporal nonuniformities under homogeneous external conditions is a characteristic feature of nonequilibrium systems. This phenomenon is called pattern formation [1]-[3].
The most well-known example of pattern formation is Rayleigh-Benard
convection which appears when a ﬂuid layer is uniformly heated from below
[4], [5]. When the heating is sufﬁciently intensive, convective motion of the
ﬂuid is developed spontaneously: the hot ﬂuid moves upward, and the cold
ﬂuid moves downward. It is remarkable that near the convection onset the regions of upward ﬂow and downward ﬂow form an ordered pattern. There are
1
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two kinds of patterns that are observed especially often. The ﬁrst one is the
roll pattern (or stripe pattern) in which the ﬂuid streamlines form cylinders.
These cylinders may be bent, and they may form spirals or target-like patterns
[6], [7]. Another typical pattern is the hexagonal one in which the liquid ﬂow
is divided into honeycomb cells. For some ﬂuids, the motion is downward in
the center of each cell and upward on the border between the cells; for other
ﬂuids, the motion is in the opposite direction [8].
The same patterns, stripes and hexagons, appear in completely different
physical systems and on different spatial scales. For instance, stripe patterns
are observed in human ﬁngerprints, on zebra’s skin and in the visual cortex
[9]. Hexagonal patterns result from the propagation of laser beams through
a nonlinear medium [10] and in systems with chemically reacting and diffusing species [11]. In many systems the typical scale of periodic spatial structures is very small, from micro- to nanometers. Examples include hexagonal
Abrikosov vortex lattices in superconductors [12], magnetic stripe phases in
ferromagnetic garnet ﬁlms [13], spatially-periodic phases of diblock-copolymers [14], spatially-regular surface structures in epitaxial solid ﬁlms [15], hexagonal arrays of nano-pores in aluminum oxide produced by anodization [16],
etc. Self-assembly of spatially regular nano-scale structures is especially important in several areas of nano-technology [17, 18].
The development of patterns is not necessarily a manifestation of a nonequilibrium process. A spatially non-uniform state can correspond to the minimum of the free-energy functional of a system in thermodynamic equilibrium,
as Abrikosov vortex lattices, stripe ferromagnetic phases and periodic diblockcopolymer phases mentioned above. In the latter, a linear chain molecule of
a diblock-copolymer consists of two blocks, say, A and B. Above the critical temperature Tc , there is a mixture of both types of blocks. Below Tc , the
copolymer melt undergoes phase separation that leads to the formation of Arich and B-rich microdomains. In the bulk, these microdomains typically have
the shape of lamellae, hexagonally ordered cylinders or body-centered cubic
(bcc) ordered spheres. On the surface, one again observes stripes or hexagonally ordered spots.
We will explain why the above-mentioned two kinds of patterns are so widespread, and the conditions of their appearance will be formulated. It should be
noted, however, that other kinds of patterns, e.g. square patterns [19] and even
quasiperiodic patterns [20] can be also observed. Moreover, there exist nonstationary, wavy, patterns in the form of traveling [21] and standing waves
[22], rolls with alternating directions [23], traveling squares [24] etc. We will
formulate principles of pattern selection that can be applied to any system.

General Aspects of Pattern Formation

2.

3

Basic models for domain coarsening and pattern
formation

Patterns usually appear due to the instability of a uniform state. However,
such an instability does not necessarily lead to pattern formation. Let us consider, e.g., phase separation of a van-der-Waals ﬂuid near the critical point Tc .
For T > Tc , there exists only one phase, while for T < Tc , there exist two
stable phases, corresponding to gas and liquid, and an unstable phase whose
density is intermediate between those of the gas and the liquid. When an initially uniform ﬂuid is cooled below Tc , the unstable phase is destroyed, and
in the beginning one observes a mixture of stable-phase domains, i.e. liquid
droplets and gas bubbles, which can be considered as a disordered pattern.
However, the domain size of each phase grows with time (this phenomenon is
called Ostwald ripening or coarsening). Finally, one observes a full separation
of phases: a liquid layer is formed in the bottom part of the cavity, and a gas
layer at the top. Thus, the instability of a certain uniform state is not sufﬁcient
for getting stable patterns. Below we formulate some mathematical models
that describe both phenomena, domain coarsening and pattern formation.

Phase separation in binary alloys: Cahn-Hilliard equation
To analyse the phenomenon of domain size growth in a quantitative way, let
us consider a simpler physical system, a metallic alloy. There are two kinds of
atoms, A and B, with volume fractions φA and φB , respectively. For the sake of
simplicity, assume that the averaged volume fractions φA  and φB  are equal.
There exists a temperature Tc such that for T > Tc the fractions are mixed,
i.e. the order parameter φ = φA − φB vanishes anywhere, while for T <
Tc they are separated, i.e there exist two thermodynamically stable phases,
one with φ > 0 (“A-rich phase") and the other with φ < 0 (“B-rich phase").
A mathematical model of this phenomenon has been suggested by Cahn and
Hilliard [25]. From the point of view of thermodynamics, phase separation can
be described by means of the Ginzburg-Landau free energy functional



1
2
(1)
F {φ(r), T } = dr (∇φ) + W (φ) ,
2
where

1
1
(2)
W (φ) = − a(T )φ2 + φ4 .
2
4
Above the critical temperature (T > Tc ), a(T ) < 0, and the function W (φ) has
a unique minimum at φ = 0. Below the critical temperature (T < Tc ), a(T ) >
0, so that the function W (φ) has the maximum at φ = 0, which
 corresponds
to an unstable phase, and two minima φ = ±φe (T ), φe (T ) = a(T ), which
correspond to stable, A-rich and B-rich, phases; see Fig.1.
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above the critical temperature

below the critical temperature

W

W

−φ e

φ

B−rich phase

φe

φ

A−rich phase

Figure 1. Free energy density of a binary system as a function of the order parameter above
and below the critical temperature.

Because of the conservation of the total number of atoms of each phase, the
equation that describes the evolution of the order parameter φ(r, t), has the
form of the conservation law,
∂φ
+ ∇ · j = 0,
∂t

(3)

where j is the ﬂux of the order parameter. The Cahn-Hilliard model is based
on the assumption
δF
(4)
j = −M (φ)∇ ,
δφ
where M (φ) is a positive function, and
δF
= −∇2 φ − a(T )φ + φ3
δφ

(5)

is the variational derivative of the functional (1). For the sake of simplicity, let
us take M (φ) = 1, a = 1; then the kinetics of the phase separation is described
by the Cahn-Hilliard equation
∂φ
= ∇2 (−φ + φ3 − ∇2 φ).
∂t

(6)

Consider ﬁrst the one-dimensional version of equation (6),
φt = (−φ + φ3 − φxx )xx

(7)

