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PREFACE

Mathematical modeling is now widely applied in physiology and medicine to support
the life scientist and clinical worker. Our aim in writing this book is to provide an
introduction to this topic, presenting the underlying principles of good modeling
methodology together with numerous examples indicating the way in which such
modeling is ﬁnding application in physiology and medicine.
Mathematical modeling ﬁnds application in medical research, in education and
in supporting clinical practice. In the research context, the use of models can, for
example, yield quantitative insights into the manner in which physiological systems
are controlled. In the educational setting, medical students can use computer model
simulation to explore the dynamic effects of pathophysiological processes or of drug
therapy. In the clinical arena, mathematical models can enable estimates to be made
of physiological parameters that are not directly measurable – useful for example
in diagnosis, as well as enabling predictions to be made as to how changes in drug
therapy will impact on variables of clinical importance such as blood pressure or
blood glucose concentration.
This book is directed at a broad readership across a wide range of student and
practitioner backgrounds. In terms of the student readership, it is designed to appeal
to biomedical engineers and to others studying physical and engineering sciences, and
biological and life sciences. It should also appeal to medical students who wish to
enhance their quantitative understanding of the physical and chemical processes that
underpin physiology and medicine. Further, the book should be of interest to practitioners of all professions who have an interest in quantitative aspects of physiology
and medicine.
The book begins by exploring some of the complexities of physiology that lend
themselves to modeling in order that their quantitative features may be better understood. The concepts of mathematical modeling are then introduced, showing that
models can be used for a wide range of purposes: to gain insights, to support processes of measurement, to make predictions of future behavior and in a variety of
ways assist in enhancing clinical research and practice. A number of approaches to
developing mathematical models are then considered, with each being illustrated by
a range of examples. Much of the remainder of the text then focuses on issues associated with making estimates of model parameters and addressing the problem of
xi

xii
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ensuring that a mathematical model is valid; that is to say ﬁt for its intended purpose.
The ﬁnal chapter comprises a number of case studies which demonstrate, in detail,
how the modeling concepts, methods and techniques that have been described and
discussed earlier can be applied to real-world problems in physiology and medicine.
In writing this book, we wish to express our thanks to a number of our colleagues
who have worked with us in developing the examples and case studies, including:
Alessandra Bertoldo, Chiara Dalla Man, Giovanni Sparacino, Gianna Toffolo and
Peter Weller; and to Andy Morrison for his assistance in the preparation of the ﬁgures.
We are also indebted to those who over many years have offered us encouragement
and support in our modeling ventures, including Riccardo Bonadonna, Derek Cramp,
Ludwik Finkelstein, Roman Hovorka, David Kelley, Antonio Lepschy, Robert Rizza,
Abdul Roudsari and Peter Sönksen. Finally, we should like to express our gratitude to Jonathan Simpson and all his colleagues at Academic Press/Elsevier for their
encouragement, support and tolerance during the lengthy gestation of this book.
Claudio Cobelli and Ewart Carson

A full Solutions Manual is
available for downloading by
teachers and lecturers who adopt
or recommend this text for class
use. For further details and
access please visit
<http://textbooks.elsevier.com/>
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Chapter Contents
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1.4 Readership
1.5 Organization of the Book

1.1

INTRODUCTION
Over the past few decades there has been a considerable increase in the application
of quantitative methods to the study of physiological systems. New techniques for
making physiological measurements are being constantly developed and applied and
there has been a corresponding increase in the methods available for the analysis and
interpretation of such experimental data.
Improvements have occurred in both the quality and quantity of experimental
data that are now available from studies in the intact organism and on the isolated
organ. Advances in instrument technology and biochemical laboratory methods have
contributed signiﬁcantly to these improvements.
In parallel, there have been substantial advances in terms of concepts, methods
and techniques for the study of dynamic systems; advances that have originated in the
control and systems theory. These are increasingly ﬁnding their way into physiological
investigations, and in associated investigations in the clinical sciences and medicine.
An additional driver for all of this is, of course, the availability of more and more
computing power. Harnessing all of these together is resulting in an increase in the
use of mathematical modeling techniques in physiological investigations.
The increasing application of modeling and dynamic systems analysis offers beneﬁts for the physiology, control and systems science, and biomedical engineering.
For the control and systems science there is the opportunity to examine the structure
and behavior of complex physiological systems which function effectively. Moreover, such systems provide a test bed for examining the merits and limitations of
1
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techniques of modeling and dynamic systems analysis, originally developed largely
for technological applications.
For the physiologist, the appropriate use of mathematical models offers many
potential beneﬁts. They provide a concise description of complex dynamic processes,
indicate ways in which improved experimental design could be achieved, and enable
hypotheses concerning physiological structure to be tested. Furthermore, they allow
estimates to be made of parameters (physiological quantities) that are otherwise not
directly accessible to measurement. Although initially most modeling applications
have been in the areas of physiological and medical research, they are now increasingly
being used as aids in the diagnosis and treatment of disease.
If these beneﬁts are to be realized, there is clearly a need for a greater awareness
and understanding of modeling methodology and techniques, together with their
strengths and limitations. It is to address these issues that this book has been devised.
Its aim is to provide insight into the why and how of modeling; the need for models,
what they can do, how to build them, and how to use them.
The concepts, problems and approaches are illustrated with examples and case
studies drawn both from literature within the ﬁeld and from our own very extensive
experiences gained over many years of endeavor. The illustrations cover a very wide
range of physiological topics, demonstrating the wide applicability of the approaches
being described.

1.2

THE BOOK IN CONTEXT
This book forms a part of the series of volumes in Biomedical Engineering. However,
physiological modeling is very much an interdisciplinary subject. Hence the topic is
also central to a range of related disciplines including biomathematics, medical and
health informatics and systems physiology.
Signiﬁcant activity in the ﬁeld of mathematical modeling of physiological systems
certainly stretches back more than a hundred years. Texts in the ﬁeld have been
produced over the best part of 40 years. Amongst the ﬁrst were those of Milsum
(1966) and Milhorn (1966). An early classic having a biomathematics ﬂavor was
that of Riggs (1963), whilst Talbot and Gessner (1973) produced a deﬁnitive text
having a systems physiology focus. Since then dynamic modeling of physiological
systems has been a major component of many biomedical engineering texts. Examples
include Bronzino (2000) and Enderle et al. (2000). For a more advanced treatment
of modeling methodology, the reader should consult Carson and Cobelli (2001).
Other volumes have focused on particular approaches to modeling or on speciﬁc
areas of physiology. For example, volumes on compartmental modeling have been
produced by Atkins (1969) and Godfrey (1983), amongst others. The analysis of data
yielded by dynamic tracer experiments has been the subject of volumes by Jacquez
(1972; 1996) and Cobelli et al. (2000). The modeling of metabolic and endocrine
systems has been described by McIntosh and McIntosh (1980) and by Carson et al.
(1983). The related subject of physiological modeling and control has been dealt

1.3

THE MAJOR INGREDIENTS

3

with extensively by authors such as Carson and Cramp (1985), Khoo (2000) and
Northrop (2000).
In addition to textbooks on the subject, there is a number of modeling software
packages that are now readily available. Some such as MATLAB® and SIMULINK®
are generic modeling packages for dynamic systems. Others have been designed for
a speciﬁc physiological application. Examples include SAAM (SAAM User Guide,
1998) and NONMEM (Beal and Sheiner, 1998).
However, there has been remarkably few attempts to produce what are essentially
entry-level texts to the topic of modeling of physiological systems; the earlier volume
by Finkelstein and Carson (1985) being one of the few. This is the focus of this
present volume. Its aim is to provide a comprehensive introduction to the modeling
of dynamic, physiological systems. The emphasis is placed ﬁrmly on developing sound
modeling methodology, with numerous examples and case studies being included as
illustrations.

1.3

THE MAJOR INGREDIENTS
In general terms, a model is a representation of reality. However, it is also an approximation of that reality since not all the ingredients of that reality can be incorporated
into any model. Hence the models that we are concerned with in the chapters that
follow will all, in their various ways, provide approximate representations of the
particular physiological systems under consideration. What is crucial is that the form
of model developed is appropriate for its purpose. As already hinted at, there can be
a wide range of possible purposes for modeling. For instance, the form of a model
adopted for the purpose of understanding some of the complexities of the control
of breathing might well be quite different to that adopted as an aid to weaning the
patient in an intensive care unit off a ventilator. This is the case even though in both
examples the physiological focus is the respiratory system.
The way in which we develop a model will be dependent on our knowledge of the
relevant physiology and the availability of relevant experimental data. So in essence
the process of building a model can be regarded as a mapping of physiological knowledge and experimental data into the model. In the case of a model that is essentially
a representation of the experimental data available, it is those data that dominate
in this mapping process. On the other hand, if the model is one designed to provide
a representation of the physiology more explicitly, then it will be the physical and
chemical knowledge of that physiological system which dominates in the building of
the model.
The overall process of modeling involves a number of inter-related ingredients.
These are model building, model identiﬁcation, simulation and model validation.
Used appropriately in conjunction with each other, they provide a methodology for
developing a model which will be ﬁt for its intended purpose.
Model building involves formulating equations that provide an adequate representation of either the experimental data (in the case of a data-driven model) or the
underlying physiology (in the case of a model that explicitly represents the underlying
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physiology). Once the model has been built, identiﬁcation can take place that includes
making estimates of those parameters (physiological quantities) in the model that
cannot be measured directly, using the available input/output experimental data.
Simulation involves solving the model equations to predict output behavior. Such
computer simulation might, for instance, be used to predict the time course of a
patient’s blood glucose concentration, in the case of a model designed to explore
relationships between insulin dosage and blood glucose in a diabetic patient. The
fourth ingredient is that of model validation; this involves examining (in the case of
two or more competing models) which is the best in relation to the modeling purpose.
In the case of a single model it involves examining whether that model is good enough
in relation to its purpose. This validation process involves the use of statistical tests
as well as examining other features of the behavior of the model.
All are vital ingredients of the modeling exercise and are very much inter-related.
One point that will be stressed in the chapters that follow is the iterative nature of
the modeling process. Just as any design process is very much iterative in nature –
only very rarely will it be right ﬁrst time - so the same applies with modeling. Usually,
several iterations through the cycle of ingredients will be needed before an acceptable
end product is produced!

1.4

READERSHIP
This book describes the development of models of physiological systems; models
which can be used in a variety of ways, including as aids to understanding, as means
of supporting clinical processes and for educational purposes amongst others. Given
that the level of this text is essentially that of an introductory guidebook, it is aimed
ﬁrst at students of biomedical engineering and related disciplines. Such students may
be undergraduates, or may be following more specialized Masters’ programs in the
subject.
However, one of the fascinations of the subject of physiological modeling is its very
interdisciplinary nature. As such, it is an activity undertaken not only by those with
technical backgrounds in biomedical engineering and health informatics, but also
by many in the clinical and life sciences. Thus this text will also be relevant to the
needs of physiologists, biologists and clinical scientists and practitioners interested in
quantitative approaches and results.

1.5

ORGANIZATION OF THE BOOK
As indicated above, the aim of this book is to provide an introduction to the modeling
of physiological systems. However, before proceeding to the actual modeling process,
it is worth spending a little effort in understanding something of the fundamentals of
physiology itself. This is important if modeling is to be undertaken successfully. In
the normal healthy individual, the physiological systems provide an almost incredible
array of functions necessary for the maintenance of life. In doing so, they exhibit a
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variety of forms of complexity. Chapter 2 thus provides some insights into the nature
of physiological complexity.
Physiological complexity is discussed in terms of function and behavior (which
we wish to access) and measurements (which are available). Complexity manifests
itself in terms of concepts such as hierarchy and feedback, and each is considered
in the physiological context. As a result of complexity it is often not possible to
measure directly (in vivo) the quantities of interest. Only indirect measures of such
quantities may be possible. This complexity of physiological systems, coupled with
limitations in measurement means that models have to be adopted as a means to aid
understanding.
Chapter 3 introduces the concepts of model and modeling process. It describes
what is meant by a model, the variety of models, why modeling (i.e. modeling
purpose) and the nature of the modeling process. There are many possible purposes for modeling. These can range from investigating the physical or chemical
structure and associated parameters of the physiological system in question to the
development of clinical models for either diagnosis or patient management. This is
followed by a description of the modeling process, stressing the need for good modeling methodology. The basic ingredients of model formulation, model identiﬁcation,
model validation and model simulation are described.
Following on from the ﬁrst three introductory chapters, Chapter 4 starts the
detailed examination of approaches to modeling. Here the focus is modeling the data.
The aim of this chapter is to describe data modeling approaches as representations of
physiological dynamics. The chapter describes what we mean by modeling the data,
when such approaches are applicable and how it should be done (i.e. a description of
the principal types of data driven (black box) models. Approaches include modeling
both continuous and discrete time signals, adopting both time domain and frequency
domain methods.
In contrast, Chapter 5 focuses on modeling the system. The aim of the chapter is to describe approaches to modeling the physiology, showing that it can be
done at different levels and that the approach adopted depends on available a priori
knowledge and assumptions made. The approaches adopted compare and contrast
the following cases: static v. dynamic, deterministic v. stochastic, time-invariant v.
time-varying, lumped v. distributed, linear v. nonlinear and continuous v. discrete.
As with the previous chapter, extensive examples are included as illustrations of the
approaches available, demonstrating how modeling can be carried out for a wide
range of physiological processes and situations.
We need a complete model of the physiological system under consideration. This
may not be the case. By this stage we shall have at least one candidate model, but
possibly more than one with the need to choose between them. Focusing on a single
model, if it is incomplete this will be due to some of the parameter values being
unknown. This is true whether the modeling approach has been data driven or driven
by the physiology of the system. We may be dealing with the whole model or just part
of it. Chapter 6 aims to provide a framework for dealing with this situation (whether
the model is data driven or physiologically based). To solve this problem we need data.
Data sometimes occur from the intrinsic dynamics of the system (e.g. spontaneous
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oscillations or noise), but more usually we must design experiments. The chapter
discusses what experiments need to be designed to yield appropriate data.
Chapters 7 and 8 address the problem of identifying models which include parameters, whether these are input/output models or models that explicitly correspond to
the physiology of the system under investigation. Chapter 7 considers the problem of
identiﬁability. That is, whether it is theoretically possible to make unique estimates
of all the unknown parameters of the model on the basis of those input/output
experiments that it is proposed to perform as a means of acquiring experimental
data. Having addressed this problem of identiﬁability, techniques for estimating the
unknown parameters are then discussed in Chapter 8. Emphasis is placed upon linear
least squares and nonlinear least squares techniques, though brief reference is made
to maximum likelihood and Bayesian estimation.
The focus of Chapter 9 is non-parametric models. These are deﬁned and methods
outlined for estimating functions, rather than parameters. Available techniques
include raw deconvolution and deterministic regularization.
Chapter 10 considers the issue of model validation, that is to say whether a particular model is good enough for its intended purpose, or in the case of a number of
competing models, which of them is best. Having deﬁned what is meant by model
validity, an overall framework, together with associated methods, for the validation
process is presented. The chapter ends with some recommendations for good modeling practice. Finally Chapter 11 illustrates the methods and techniques that have
been discussed in relation to validation through a series of case studies.
Throughout the text, numerous illustrations, examples and case studies are
included, demonstrating how the methodology and techniques described can be
applied across a wide range of physiological examples. All of these illustrations
are appropriately referenced. With regard to the basic methodology described in
this book, only essential references are included. The reader who wishes to engage
in a deeper study of modeling methodology is encouraged to consult our companion volume (Carson and Cobelli, 2001), which includes extensive referencing to all
methodological issues and detail.
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2.1

INTRODUCTION
Before moving on to the modeling activity that forms the bulk of this book, it is
worth devoting a little attention to the nature of the physiological systems that we
shall be modeling. In various ways all physiological systems are characterized by their
7

